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This report introduces an analytic framework providing a necessary condition for the
algebraicity of Hodge classes through a coupled Monge–Ampère system and a harmonic

orthogonality constraint.

April 1, 2026



Technical Research Report Hodge Conjecture

1 Mathematical Context of the Hodge Conjecture

Let X be a smooth projective complex manifold. The Hodge decomposition gives

H2k(X,C) =
⊕

p+q=2k

Hp,q(X).

A cohomology class α ∈ H2k(X,Q) is called a Hodge class if

α ∈ Hk,k(X).

The Hodge Conjecture asserts that such classes are generated by algebraic cycles.

2 Analytic Framework via Kähler Geometry

Let (X, ω) be a compact Kähler manifold. Every cohomology class admits a unique harmonic
representative.

The problem reduces to understanding when the harmonic representative of a class exhibits
geometric rigidity compatible with algebraic cycles.

3 The Coupled Monge–Ampère System (MA+M)

We introduce a coupled Monge–Ampère system with moment constraints:

(ω + i∂∂̄φ)n = eF ωn,

subject to additional constraints: ∫
X

α ∧ ωn−k = fixed.

This system selects a distinguished Kähler metric in which the geometry of the class is stabilized.

4 Harmonic Orthogonality Condition (HOC)

We define the Harmonic Orthogonality Condition:

⟨αh, η⟩ = 0 for all admissible variations η.

This condition ensures that the harmonic representative aligns with calibrated geometric struc-
tures.
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5 Calibrated Currents and Algebraicity

Under the HOC, any mass-minimizing current representing the class is calibrated by a differential
form.

This implies that such currents correspond to algebraic cycles.

6 Main Theorem

Theorem 1. Let α ∈ Hk,k(X) ∩ H2k(X,Q).

If there exists a solution to the coupled Monge–Ampère system satisfying the Harmonic Orthog-
onality Condition, then α is represented by a calibrated current corresponding to an algebraic
cycle.

7 Conclusion

The existence of a metric satisfying the MA+M system and HOC constitutes a necessary
condition for algebraicity.

This framework provides a bridge between analytic stability and algebraic geometry, reducing
the Hodge conjecture to the existence of a compatible geometric structure.
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